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New exact periodical solutions of mKP-1 equation via ∂-dressing
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Abstract
We proposed general scheme for construction of exact real periodical solutions of mKP-1 equation via
Zakharov-Manakov ∂-dressing method, derived convenient determinant formula for calculation of such so-
lutions and demonstrated how reality and boundary conditions for the field u(x, y, t) can be satisfied. We
calculated the new classes of exact periodical solutions of mKP-1 equation:
1. the class of nonsingular one-periodic solutions or nonlinear plane monochromatic waves;
2. the class of two-periodic solutions without imposition of any boundary condition;
3. the class of two-periodic solutions with integrable boundary condition
u(x, y, t) |y=0= 0.
We interpreted the third class of two-periodic solutions with integrable boundary condition obtained by the
use of special nonlinear superpositions of two simple one-periodical waves as eigenmodes of oscillations of
the field u(x, y, t) in semi-plane y ≥ 0, the analogs of standing waves on the string with fixed endpoints.
Keywords: mKP-1 equation, ∂-dressing method, periodical solutions, integrable boundaries
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1. Introduction
The famous modified Kadomtsev-Petviashvili, or shortly mKP-equation:
Vt + Vxxx − 3
2
V 2Vx + 3σ
2∂−1x Vyy − 3σVx∂−1x Vy = 0, σ2 = ±1, (1.1)
as 2+1-dimensional generalization of mKdV equation, in the papers [1] and [2] was at the first discovered.
The mKP equation can be represented as compatibility condition, in the Lax pair form [L1, L2] = 0, of the
following two linear auxiliary problems [3]-[7]:{
L1ψ = σψy + ψxx + V ψx = 0,
L2ψ = ψt + 4ψxxx + 6V ψxx + 3
(
Vx − σ∂−1x Vy + 12V 2
)
ψx + αψ = 0.
(1.2)
In general case the solutions of mKP equation are complex, but this equation admits two reductions:
1. to pure imaginary V = σu := iu, u¯ = u field V (σ = i, mKP-1 case);
2. to pure real-valued V = σu := u, u¯ = u field V (σ = 1, mKP-2 case).
So it is convenient to rewrite the equation (1.3) in terms of the field u, V = σu, in the following form [3],
[4], [7]:
ut + uxxx − σ2
(
3
2
u2ux − 3∂−1x uyy + 3ux∂−1x uy
)
= 0, (1.3)
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mKP-equation in this last form admits two reductions to pure real-valued field u: with σ = i for mKP-1
and σ = 1 for mKP-2 versions correspondingly.
Adequate introduction of spectral parameter λ for mKP equation is achieved by the following transition
from wave function ψ to wave function χ [3], [4], [7]:
Ψ(x, y, t;λ) := χ(x, y, t;λ) exp
(
i
x
λ
+
y
σλ2
+
4it
λ3
)
. (1.4)
The wave function χ(x, y, t;λ) defined by (1.4) admits due to (1.2) the canonical normalization χ
∣∣
λ→∞
→ 1.
In the papers [3], [4] the Riemann-Hilbert local and nonlocal problems and also ∂-dressing method for
construction of exact solutions with functional parameters, multi-solitons and multi-lumps solutions of mKP
equation (1.3) have been applied.
Powerful ∂-dressing method of Zakharov and Manakov [7]-[12] can be effectively applied for the con-
struction of exact periodical solutions of 2+1-dimensi-
onal integrable nonlinear equations. This was demonstrated at first for calculations of periodical solu-
tions of Nizhnik-Veselov-Novikov equation (NVN) [13]-[15], two-dimensional generalizations of the Kaup-
Kupershmidt (2DKK) [16] and Sawada-Kotera (2DSK) [17] equations, Davey-Stewardson DS-1,2 equa-
tions [18]. ∂-dressing method has been applied also for construction of exact periodical solutions of 2+1-
dimensional integrable nonlinear equations with integrable boundaries, this was demonstrated at first in [19]
where along with simply periodical solutions the periodical solutions with integrable boundary condition
(uxx + σuy)(x, y, t)
∣∣
y=0
= 0 for KP-2 equation have been calculated.
The concept of integrable boundary conditions compatible with integrability of integrable nonlinear
equations by Sklyanin [20] was at first introduced. In subsequent papers of Habibulin et all [21]-[26] and
others [27] this concept of integrable boundaries to several types of integrable nonlinear equations has been
applied: for difference equations, 1+1- and 2+1-dimensional differential and integro-differential equations;
a list of several integrable boundary conditions for known 2+1-dimensional nonlinear differential equations
such as KP, mKP, NVN, Ishimori, etc. has been proposed and some examples of corresponding exact
solutions for these equations with integrable boundary conditions have been calculated [21]-[27].
Integrable boundaries have been considered also in numerous papers on dromion solutions for DS, Ishi-
mori, NVN equation, etc. [5]-[7]. A. S. Fokas et al have been obtained interesting results via so-called Unified
Approach to Boundary Value Problems [28], there was demonstrated the applicability of this method for
one-dimensional and multi-dimensional linear and nonlinear differential equations.
In the present paper we constructed via ∂-dressing method of Zakharov and Manakov new classes of
exact one-periodical and two-periodical solutions of mKP-1 equation (1.3) without boundary condition and
new class of exact two-periodical solutions of mKP-1 equation (1.3) with integrable boundary condition
[22]:
u
∣∣
y=0
= 0, (1.5)
which is compatible with integrability condition [L1, L2] = 0 (with L1 and L2 from (1.2)) for this equation
in Lax form.
The paper is organized as follows. The first section is introduction. In second section we reviewed
basic formulae [4] of ∂-dressing method for mKP equation. Then we derived the restriction on the kernel
R0 of ∂-problem from boundary condition u(x, y, t)
∣∣
y=0
= 0 using the so-called ”limit of weak fields” [4].
In third section we obtained general determinant formula in convenient form for the construction of exact
periodical solutions of mKP-1 equation and developed the scheme of applying this formula for calculation
of exact real periodical solutions. In the following forth section we constructed by the use of proposed
method new class of exact simple real nonsingular one-periodic solutions, or the class of nonlinear plane
monochromatic waves. In fifths section we obtained two-periodical solutions of mKP-1 equation without
boundary condition, then using special nonlinear superpositions of two simple one-periodical waves we
calculated also exact two-periodical solutions of mKP-1 equation with integrable boundary condition (1.5).
These two-periodic solutions we interpreted as eigenmodes of oscillations of the field u(x, y, t) in semi-
plane y ≥ 0, the analogs of standing waves on the string with fixed endpoints. In conclusion we discussed
2
the perspectives of the developed method to construction of exact periodical solutions for another 2+1-
dimensional integrable nonlinear equations.
2. Basic formulae of ∂-dressing method for mKP equation, the restrictions on the kernel R
from reality and boundary conditions
The ∂-dressing method of Zakharov and Manakov [7]-[12] is founded on the use of nonlocal ∂-problem
for the wave function χ(λ, λ); in the space of spectral variables λ, λ this problem is defined by kernel R:
∂χ(λ, λ)
∂λ
= (χ ∗R)(λ, λ) =
∫∫
C
χ(λ′, λ′)R(λ′, λ′;λ, λ)dλ′ ∧ dλ′. (2.1)
The dependence of the kernel R of ∂-problem (2.1) and consequently of wave function χ on the physical
space-time variables x, y, t in the case of mKP equation (1.3) has the form [4], [7]:
R(µ, µ;λ, λ;x, y, t) = R0(µ, µ;λ, λ)e
F (µ;x,y,t)−F (λ;x,y,t), (2.2)
with the function F (µ;x, y, t) given by the formula:
F (µ;x, y, t) = i
x
µ
+
y
σµ2
+ 4i
t
µ3
, (2.3)
where σ = i for mKP-1 and σ = 1 for mKP-2 equations correspondingly. The wave function χ admits the
canonical normalization:
χ
∣∣
λ→∞
→ 1, (2.4)
such normalization follows from the special dependence λ−1 of wave functions ψ and χ on spectral variable
λ defined by (1.2) and (1.4). From (2.1) and (2.4), via generalized Cauchy formula, basic singular integral
equation
χ(λ, λ) = 1 +
∫∫
C
dλ′ ∧ dλ′
2πi(λ′ − λ)
∫∫
C
χ(µ, µ)R0(µ, µ;λ
′, λ′)eF (µ)−F (λ
′)dµ ∧ dµ (2.5)
of ∂-dressing method is follows.
Reconstruction formula for the field variable u(x, y, t) is given by the expression [4], [7]:
u = − 2
σ
∂x lnχ0, (2.6)
here χ0 is the zeroth order term in Taylor expansion of χ(λ, λ;x, y, t) near the point λ = 0:
χ(λ, λ;x, y, t) = χ0(x, y, t) + λχ1(x, y, t) + . . . . (2.7)
Herein and below, for convenience, more shorter notations such as in (2.5)
F (µ;x, y, t)⇒ F (µ), χ(µ, µ;x, y, t)⇒ χ(µ, µ), (2.8)
for F (µ;x, y, t), χ(µ, µ;x, y, t), etc. will be used. Due to (2.5) χ0(x, y, t) is given by the formula:
χ0(x, y, t) = 1 +
2i
π
∫∫
C
dλRdλI
λ
∫∫
C
χ(µ, µ)R0(µ, µ;λ, λ)e
F (µ)−F (λ)dµRdµI . (2.9)
The steps for construction of exact solutions via ∂-dressing are the following. For given kernel R0(µ, µ;λ, λ)
one finds the solution χ(λ, λ), i.e. the wave function χ, of ∂-problem (2.1) or equivalent integral equation
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(2.5); then by the use of wave function χ the coefficient χ0 (2.9) of Taylor expansion (2.7) is calculated,
reconstruction formula (2.6) gives finally exact solution u(x, y, t) of mKP-equation (1.3).
Under realization of this scheme the condition of reality
u(x, y, t) = u(x, y, t), (2.10)
for calculation of real solutions, and integrable boundary condition
u(x, y, t) |y=0= 0, (2.11)
for calculation of solutions with integrable boundary, must be satisfied. Both of these conditions can be
satisfied by the use of corresponding restrictions on the kernel R of ∂-problem (2.1); these restrictions can
be obtained in so-called ”limit of weak fields”[4], [7].
Requirement of reality condition (2.10) can be satisfied by reconstruction formula (2.6) with approximate
expression for (2.9) where in integrand (2.9) for χ0, in the ”limit of weak fields”, the first iteration χ(λ, λ) ≈ 1
is chosen (see for example [4], [7]). Such procedure leads in the case of mKP-1 to the following restriction
on the kernel R0:
µR0(µ, µ;λ, λ) = λR0(λ, λ;µ, µ). (2.12)
Using the restriction (2.12) in the paper [4] via ∂-dressing several classes of exact solutions of mKP equation
(1.3) have been constructed: solutions with functional parameters, lumps and solitons.
The derivation of restriction on the kernel R0 following from integrable boundary condition (2.11) we
performed quite analogously. From (2.9) we derived via reconstruction formula (2.6):
u
∣∣
y=0
= −2χ0x
σχ0
∣∣∣∣
y=0
≈ 4
σπχ0
∫∫
C
dλRdλI
λ
∫∫
C
(
1
µ
− 1
λ
)
R0(µ, µ;λ, λ)e
F (µ)−F (λ)
∣∣
y=0
dµRdµI . (2.13)
The expression (2.13) we obtained also in the limit of weak fields: for the wave function χ(µ, µ) in integrand
(2.13) the first iteration χ(µ, µ) ≈ 1 is chosen for wave function χ from equation (2.5). The phase F (µ)−F (λ)
in exponent (2.13) due to (2.3) has important property:
(F (−λ)− F (−µ))
∣∣
y=0
= (F (µ)− F (λ))
∣∣
y=0
, (2.14)
i.e. this phase does not change at y = 0 under change of variables λ ↔ −µ. By the change of variables
µ↔ −λ in integrals (2.13) we derived due to (2.14)
u
∣∣
y=0
= −2χ0x
σχ0
∣∣∣∣
y=0
≈ − 4
σπχ0
∫∫
C
dµRdµI
µ
∫∫
C
(
− 1
λ
+
1
µ
)
R0(−λ,−λ,−µ,−µ)eF (µ)−F (λ)
∣∣
y=0
dλRdλI .
(2.15)
Under the requirement
µR0(µ, µ;λ, λ) = λR0(−λ,−λ;−µ,−µ) (2.16)
we concluded from right sides of (2.13) and (2.15) that
u
∣∣
y=0,(2.13) = −u
∣∣
y=0,(2.15) ⇒ u
∣∣
y=0
= 0, (2.17)
the last relation means consequently the fulfillment of boundary condition (2.11). For example the restriction
(2.16) satisfies delta-form kernel R0 in the form of the sum of products of delta functions:
R0(µ, µ;λ, λ) =
N∑
k=1
(λkδ(µ− µk)δ(λ − λk) + µkδ(µ+ λk)δ(λ+ µk)). (2.18)
The restrictions (2.12), (2.16) are obtained quite analogously to each other, using the ”limit of weak fields” :
in corresponding integrands (2.9) and (2.13) approximate first iteration for wave function χ(µ, µ) ≈ 1 is
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chosen. In spite of non-rigorous character of derivation (2.17) the restriction (2.16) can be successfully
applied for choosing appropriate kernels R0(µ, µ;λ, λ) in calculations of exact solutions of mKP-1 equation
(1.3) with integrable boundary condition (1.5).
Having in mind the construction of periodical solutions u(x, y, t) we used pure imaginary phases F (µ)−
F (λ) in exponents exp (F (µ)− F (λ)) of integral ∂-equation (2.5). In the case of mKP-1 equation (1.3) these
phases due to (2.3) with σ = i have the form:
F (µ)− F (λ) = ix
(
1
µ
− 1
λ
)
− iy
(
1
µ2
− 1
λ2
)
+ 4it
(
1
µ3
− 1
λ3
)
. (2.19)
For delta-form kernel R0(µ, µ;λ, λ)
R0(µ, µ;λ, λ) =
N∑
k=1
Akδ(µ− µk)δ(λ− λk), (2.20)
with pure real-valued ”spectral” points µk = µk, λk = λk in (2.20) the phases F (µ) − F (λ) have pure
imaginary values and corresponding exact solutions are oscillating.
Serious problem in construction of exact real periodical solutions u of mKP equation (1.3) is caused
by simultaneous satisfaction of reality u(x, y, t) = u(x, y, t) and boundary u(x, y, t) |y=0= 0 conditions for
calculated field. We discovered that the restriction (2.12) from reality condition, obtained in the limit of
weak fields, in the case of periodical solutions does not works. We satisfied the reality condition rigorously
by direct use of exact complex-valued periodical solutions in general determinant form. In our calculations
of exact real periodical solutions we followed to the steps:
A. At first by the use of general determinant formula for exact solutions we constructed exact complex-
valued periodical (oscillating in space-time variables) solutions u(x, y, t) corresponding to the delta-form
kernels R0 (2.20) with pure real-valued spectral points µk and λk.
B. Then for complex-valued exact solutions in determinant form we derived from reality condition u = u
the restrictions on real spectral points µk, λk and complex amplitudes Ak 6= Ak of delta-form kernel R0
(2.20).
C. Finally using obtained restrictions on parameters of complex-valued solutions we constructed exact
real one-periodical and two-periodical solutions of mKP-1 equation in determinant form.
3. Determinant formula for exact periodical solutions of mKP-1 equation
Here we derived for given delta-kernel R0 (2.20) with complex amplitudes Ak and real ”spectral” points
µk general determinant formula for exact periodical solutions (complex-valued in general) for mKP equation
(1.3). In our calculations we followed to derivation of determinant formula for multi-soliton solutions in [4],
[7]. From (2.5) and (2.20) we obtained the wave function χ(λ, λ)
χ(λ, λ) = 1− 2i
π
N∑
k=1
Ak
λ− λk χ(µk)e
F (µk)−F (λk) (3.1)
in the form of the sum of N terms with simple poles at ”spectral” points λk; such pole structure of
wave function on spectral variables λ is typical for quantum mechanics with basic Schro¨dinger equation
and corresponding pole structures of quantum-mechanical wave functions with poles as wave numbers,
energy, momentum and, etc. Formula (3.1) expresses the wave function χ(λ, λ) at arbitrary values of
spectral variables λ, λ in terms of some kind of ”basis” or basic set of N wave functions χ(µk) := χ(µk, µk),
(k = 1, . . . , N) at spectral points µk corresponding to the choice (2.20) of the kernel R0.
From (3.1) follows linear algebraic system of equations for the set of wave functions χ(µk) ≡ χ(µk, µk),
(k = 1, . . . , N):
N∑
l=1
A˜klχ(µl) = 1, A˜kl = δkl +
2i
π
Ale
F (µl)−F (λl)
µk − λl , (3.2)
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with solutions χ(µk) of this system in the form:
χ(µk) =
N∑
l=1
A˜−1kl . (3.3)
The coefficient χ0(x, y, t) of Taylor expansion (2.7) due to (2.9), (2.20) and (3.3) is given by expression:
χ0(x, y, t) = 1 +
2i
π
N∑
k=1
Ak
λk
χ(µk)e
F (µk)−F (λk) = 1 +
2i
π
N∑
k,l=1
Ak
λk
eF (µk)−F (λk)A˜−1kl . (3.4)
Instead of matrix A˜kl it is convenient to use matrix Akl, defined by the relation:
Akl := e
F (µk)A˜kle
−F (µl) = δkl +
2i
π
Ale
F (µk)−F (λl)
µk − λl , (3.5)
with derivatives:
Akl,x =
2Al
π
eF (µk)−F (λl)
µkλl
⇒ Alk,x = 2Ak
π
eF (µl)−F (λk)
µlλk
. (3.6)
For χ0 we obtained via (3.4)-(3.6)
χ0(x, y, t) = 1 + i
N∑
k,l=1
Alk,xµlA
−1
kl,x = 1+ tr(BA
−1) = ln det(1 +BA−1),
Blk := iAlk,xµl =
2iAk
πλk
eF (µl)−F (λk), (A+B)kl = δkl +
2iAlµke
F (µk)−F (λl)
πλl(µk − λl) . (3.7)
In derivation of (3.7) we used valid for rank-1 matrix B the following identity:
1 + tr(BA−1) = ln det(1 +BA−1). (3.8)
Finally from (3.7) by reconstruction formula (2.6) follows general determinant formula for exact solutions
of mKP equation u(x, y, t) corresponding to delta-form kernel (2.20):
u = − 2
σ
∂
∂x
ln det(1 +BA−1) = − 2
σ
∂
∂x
ln det
A+B
A
, (3.9)
this expression is valid for both types mKP-1 and mKP-2 equations. In general this formula gives complex-
valued exact solutions.
For the investigation of restrictions on parameters Ak and µk, λk of the kernel R0 following from reality
condition u = u it is convenient to transform matrices A+B and A from (3.5)-(3.9) to some equivalent and
more symmetrical form. Using definitions (3.7) we introduced matrix N :
(A+B)kl = δkl +
2iAlµke
F (µk)−F (λl)
πλl(µk − λl) := e
F(µk)
2 Nkl
2Al
πλl
e−
F (λl)
2 , (3.10)
where
Nkl := δkl
πλk
2Ak
e−
∆F(µk,λl)
2 +
iµk
µk − λl e
∆F(µk,λl)
2 . (3.11)
Analogously instead of matrix A we introduced matrix D:
Akl = δkl +
2iAl
π(µk − λl)e
F (µk)−F (λl) := e
F (µk)
2 Dkl
2Al
πλl
e−
F (λl)
2 , (3.12)
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where
Dkl := δkl
πλk
2Ak
e−
∆F(µk,λl)
2 +
iλl
µk − λl e
∆F(µk,λl)
2 , (3.13)
here in (3.11), (3.13) we used the notations:
∆F (µk, λl) := F (µk)− F (λl) = ix
(
1
µk
− 1
λl
)
− iy
(
1
µ2k
− 1
λ2l
)
+ 4it
(
1
µ3k
− 1
λ3l
)
. (3.14)
Evidently for real spectral points µk and λk of delta-form kernel R0 (2.20) the quantities ∆F (µk, λl) satisfy
to relations:
∆F (µk, λl) = ∆F (λl, µk). (3.15)
The reconstruction formula (3.9) for mKP-1 with σ = i, due to (3.10)-(3.13), transforms to the following
equivalent form in terms of matrices N and D:
u = − 2
σ
∂
∂x
ln det
N
D
= 2i
∂
∂x
ln det
N
D
. (3.16)
The requirement of reality of u field u = u, due to (3.11), (3.13), (3.15) and (3.16), in the case of mKP-1
equation leads to the condition:
detN = det
(
δkl
πλk
2Ak
e−
∆F (µk,λl)
2 +
iµk
µk − λl e
∆F(µk,λl)
2
)
= detD =
= det
(
δkl
πλk
2Ak
e−
∆F(λl,µk)
2 − iλl
µk − λl e
∆F(λl,µk)
2
)
. (3.17)
If the condition (3.17) is satisfied, the reconstruction formula (3.16) gives for exact real solutions of mKP-1
equation the following expression:
u(x, y, t) = 2i
∂
∂x
(−2i arg(detD)) = 4 ∂
∂x
arctan
detI D
detRD
, (3.18)
here we used real detRD and imaginary detI D parts of detD = detRD + i detI D.
In the following sections 4 and 5 we presented new classes of exact real one-periodical and two-periodical
solutions of mKP-1 equation.
4. New class of exact one-periodic solutions of mKP-1 equation, nonlinear plane monochro-
matic waves
For the calculation of simplest periodic solution of mKP-1 equation we considered simple delta-form
kernel R0
R0(µ, µ;λ, λ) = A0δ(µ− µ0)δ(λ− λ0) (4.1)
in ∂-dressing integral equation (2.5) with complex amplitude A0 and real ”spectral” points µ0 = µ0, λ0 = λ0.
We derived for detN and detD due to (3.10)-(3.13) the following expressions:
detN =
(
πλ0
2A0
e−
∆F (µ0,λ0)
2 +
iµ0
µ0 − λ0 e
∆F(µ0 ,λ0)
2
)
,
detD =
(
πλ0
2A0
e−
∆F (µ0,λ0)
2 +
iλ0
µ0 − λ0 e
∆F(µ0 ,λ0)
2
)
, (4.2)
here accoding (3.14):
∆F (µ0, λ0) = ix
(
1
µ0
− 1
λ0
)
− iy
(
1
µ20
− 1
λ20
)
+ 4it
(
1
µ30
− 1
λ30
)
:= i∆Φ˜, (4.3)
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here ∆Φ˜ = ∆Φ˜. The requirement of reality of u field u = u gives in considered case:
detN =
(
πλ0
2A0
e−
i∆Φ˜
2 +
iµ0
µ0 − λ0 e
i∆Φ˜
2
)
= detD =
=
(
πλ0
2A0
e
i∆Φ˜
2 − iλ0
µ0 − λ0 e
−
i∆Φ˜
2
)
. (4.4)
From (4.4) we concluded:
πλ0
2A0
= − iλ0
µ0 − λ0 ,
πλ0
2A0
=
iµ0
µ0 − λ0 , (4.5)
and consequently
|A0| = π
2
√
λ0
µ0
(µ0 − λ0), A0 = |A0|eiα, (4.6)
with real constant α = argA. Inserting (4.6) into (4.4) we obtained:
detD =
( √
µ0λ0
µ0 − λ0 e
−i∆Φ˜+α2 +
iλ0
µ0 − λ0 e
i∆Φ˜+α2
)
e−i
α
2 , (4.7)
and from (4.7)
arg detD = arctan


√
λ0
µ0
cos ∆Φ2 − sin ∆Φ2
cos ∆Φ2 −
√
λ0
µ0
sin ∆Φ2

− α
2
, ∆Φ := ∆Φ˜ + α. (4.8)
Finally using the reconstruction formula (3.18) with (4.8) after simple calculations we derived exact periodic
solution of mKP-1 equation:
u = 4
∂
∂x
(arg detD) = 4
(λ0−µ0)
2
2λ0µ20
1 + λ0
µ0
− 2
√
λ0
µ0
sin∆Φ
=
4 sinh2 Ξ√
λ0µ0 (coshΞ− sin∆Φ)
, (4.9)
here eΞ :=
√
λ0
µ0
, ∆Φ = x
(
1
µ0
− 1
λ0
)
− y
(
1
µ20
− 1
λ20
)
+ 4t
(
1
µ30
− 1
λ30
)
+ α. The graph of this solution is
shown on figure (1). Rewriting phase ∆Φ in convenient form:
∆Φ = kxx+ kyy − ωt+ α, (4.10)
we concluded that field u propagates harmonically in plane (x, y) in direction of wave vector ~k and oscillates
in time with frequency ω defined by the expressions:
~k = (kx, ky) =
(
1
µ0
− 1
λ0
,− 1
µ20
+
1
λ20
)
, ω = 4
∣∣∣∣ 1µ30 −
1
λ30
∣∣∣∣ . (4.11)
The velocity of this periodical nonlinear wave is given by expression:
V :=
|ω|
|~k|
=
4
∣∣∣ 1
µ30
− 1
λ30
∣∣∣∣∣∣ 1µ0 − 1λ0
∣∣∣
√
1 +
(
1
µ0
+ 1
λ0
)2 =
4
(
1
µ20
+ 1
λ20
+ 1
µ0λ0
)
√
1 +
(
1
µ0
+ 1
λ0
)2 . (4.12)
Exact one-periodic solution (4.9) due to coshΞ > 1 is nonsingular. This solution is representative of new
class of line-periodic harmonic solutions or nonlinear plane monochromatic waves of mKP-1 equation. This
new class we named as analog of the class of plane monochromatic waves for linear wave equations.
More general kernel R0 (2.20) with N delta-functional terms leads to nonlinear superposition of simple
nonlinear plane monochromatic waves. For kernel (2.20) with two terms in the sum we constructed in next
section new classes of exact real two-periodical solutions of mKP-1 equation.
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Figure 1: Periodic solution u (4.9) with parameters λ0 = 1, µ0 = 2.
5. New classes of exact two-periodic solutions of mKP-1 equation
Two-periodic solution of mKP-1 equation corresponds to delta-form kernel R0 with two terms of the
type (4.1):
R0(µ, µ;λ, λ) = A1δ(µ− µ0)δ(λ− λ0) +A2δ(µ+ λ0)δ(λ+ µ0) (5.1)
with complex amplitudes A1, A2 and real spectral points µ0 = µ0, λ0 = λ0. Matrices N and D due to
(3.11), (3.13) have the forms:
N =
(
piλ0
2A1
e−
∆F (µ0,λ0)
2 + iµ0
µ0−λ0
e
∆F(µ0 ,λ0)
2
iµ0
µ0+µ0
e
∆F(µ0,−µ0)
2
−iλ0
−λ0−λ0
e
∆F(−λ0,λ0)
2 −piµ02A2 e−
∆F (−λ0,−µ0)
2 − iλ0
−λ0+µ0
e
∆F(−λ0,−µ0)
2
)
, (5.2)
D =
(
piλ0
2A1
e−
∆F (µ0,λ0)
2 + iλ0
µ0−λ0
e
∆F(µ0,λ0)
2
−iµ0
µ0+µ0
e
∆F (µ0,−µ0)
2
iλ0
−λ0−λ0
e
∆F (−λ0,λ0)
2 −piµ02A2 e−
∆F(−λ0,−µ0)
2 − iµ0
−λ0+µ0
e
∆F (−λ0,−µ0)
2
)
. (5.3)
In (5.2) and (5.3) the phases in exponents due to (3.14) are the following:
∆F (µ0, λ0) = ix
(
1
µ0
− 1
λ0
)
− iy
(
1
µ20
− 1
λ20
)
+ 4it
(
1
µ30
− 1
λ30
)
:= i (Φ(x, t)− Θ(y)) ,
∆F (−λ0,−µ0) = i (Φ(x, t) + Θ(y)) , ∆F (µ0,−µ0) + ∆F (−λ0, λ0) = 2iΦ(x, t),
∆F (−λ0, λ0) = −2i x
λ0
− 8it 1
λ30
, ∆F (µ0,−µ0) = 2i x
µ0
+ 8it
1
µ30
,
Φ(x, t) := x
(
1
µ0
− 1
λ0
)
+ 4t
(
1
µ30
− 1
λ30
)
, Θ(y) := y
(
1
µ20
− 1
λ20
)
. (5.4)
Rewriting N and D in notations of (5.4) we obtained:
N =

 piλ02A1 e−iΦ−Θ2 + iµ0µ0−λ0 eiΦ−Θ2 i2ei
x
µ0
+4i t
µ3
0
i
2e
−i x
λ0
−4i t
λ3
0 −piµ02A2 e−i
Φ+Θ
2 + iλ0
λ0−µ0
ei
Φ+Θ
2

 , (5.5)
D =

 piλ02A1 eiΦ−Θ2 − iλ0µ0−λ0 e−iΦ−Θ2 i2e−i
x
µ0
−4i t
µ3
0
i
2e
i x
λ0
+4i t
λ30 −piµ0
2A2
ei
Φ+Θ
2 + iµ0
µ0−λ0
e−i
Φ+Θ
2

 . (5.6)
Requirement of reality of u field u = u, which due to (3.16) can be expressed in the form (3.17) with matrices
N and D given by (5.5) and (5.6), leads to the restrictions on complex amplitudes A1, A2 and spectral points
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µ0 = µ0, λ0 = λ0. Equating the coefficients at the exponents e
±iΦ, e±iΘ in detN = detD we derived the
relations:
(eiΦ) : − π
2λ0µ0
4A1 ·A2
=
(µ0 + λ0)
2
4(µ0 − λ0)2 ; (e
−iΦ) : −π
2λ0µ0
4A1A2
=
(µ0 + λ0)
2
4(µ0 − λ0)2 ;
(eiΘ) :
iπλ0µ0
2A2(µ0 − λ0)
= − iπλ
2
0
2(µ0 − λ0)A1 ; (e
−iΘ) :
iπλ0µ0
2A1(µ0 − λ0)
= − iπµ
2
0
2(µ0 − λ0)A2 . (5.7)
The restrictions (5.7) on A1, A2 and µ0, λ0 can be satisfied for the choice
A2 = −A1µ0
λ0
, A1 = |A1|eiα, |A1| = πλ0(µ0 − λ0)
(µ0 + λ0)
, (5.8)
here α is arbitrary real constant:
A1 = |A1|eiα = πλ0(µ0 − λ0)
(µ0 + λ0)
eiα, A2 = −A1µ0
λ0
= −πµ0(µ0 − λ0)
(µ0 + λ0)
e−iα. (5.9)
From (5.6) and (5.9) follows the expression for detD:
detD =
(µ0 + λ0)
2
2(µ0 − λ0)2 cosΦ(x, t) +
(µ0 + λ0)
2
2(µ0 − λ0)2 sin (Θ(y)− α)−
i(µ0 + λ0)
2(µ0 − λ0) cos (Θ(y)− α) . (5.10)
So the requirement of reality u = u, due to detN = detD and relations (5.9), is fulfilled and tan(arg detD)
due to (5.10) has the form:
tan(arg detD) = −
(µ0−λ0)
(µ0+λ0)
cos (Θ− α)
cosΦ + sin (Θ− α) , (5.11)
here due to (5.4) and (5.9)
α = argA1, Φ(x, t) = x
(
1
µ0
− 1
λ0
)
+ 4t
(
1
µ30
− 1
λ30
)
, Θ(y) = y
(
1
µ20
− 1
λ20
)
. (5.12)
Via (5.11) using reconstruction formula (3.18) for u we obtained the following two-periodic real solution
of mKP-1 equation:
u(x, y, t) =
4(µ0−λ0)
2
λ0µ0(µ0+λ0)
sinΦ(x, t) cos (Θ(y)− α)
(cosΦ(x, t) + sin (Θ− α))2 +
(
µ0−λ0
µ0+λ0
)2
cos2 (Θ(y)− α)
=
8 sinh2 Ξ√
µ0λ0 coshΞ
sinΦ(x, t) cos (Θ(y)− α)
(cosΦ(x, t) + sin (Θ(y)− α))2 + tanh2 Ξcos2 (Θ(y)− α) , (5.13)
here eΞ =
√
λ0
µ0
. Solution (5.13) corresponds to the delta-form kernel R0 of the form (5.1) with two terms of
the type (4.1); this solution is representative of new class of exact two-periodical solutions. Two-periodical
solutions of the type (5.13) do not satisfy to integrable boundary condition (1.5).
In order to construct exact solutions with integrable boundary (1.5) we taken in to account additional
restriction on kernel R0 (2.16), obtained in the limit of weak fields. Such restriction is satisfied for the
kernels of the type (2.18), i. e. to the kernel (5.1) with the following relation between amplitudes A1 and
A2:
A2 = A1
µ0
λ0
. (5.14)
From the relations (5.8) and (5.14) between amplitudes A1 and A2 taken together we derived:
A2 = −A1µ0
λ0
= A1
µ0
λ0
, (5.15)
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and consequently
α = argA1 =
π
2
. (5.16)
So due to (5.16) under the additional choice of constant phase argA1 = α =
pi
2 , we derived the exact real
Figure 2: Two-periodic solution u (5.17) with parameters: λ0 = 1, µ0 = 2.
two-periodic solution (5.13) of mKP-1 equation with integrable boundary (1.5):
u(x, y, t) =
8 tanhΞ sinhΞ√
µ0λ0
sinΦ(x, t) sinΘ(y)
(cosΦ(x, t) − cosΘ(y))2 + tanh2 Ξ sin2Θ(y) , (5.17)
here eΞ =
√
λ0
µ0
. The graph of this solution is shown on figure (2). Obtained solution (5.17) by construction
satisfies to boundary condition (1.5). This solution is two-periodical on phases Φ(x, t) and Θ(y) (5.12) and
represents nonlinear harmonic wave: static-periodical in direction of axis y and propagating harmonically
along axis x with velocity:
Vx = −4
1
µ30
− 1
λ30
1
µ0
− 1
λ0
= −4
(
1
µ20
+
1
λ20
+
1
µ0λ0
)
. (5.18)
This solution has point singularities defined by equations:
sinΘ(y) = 0, cosΦ(x, t) − cosΘ(y) = 0. (5.19)
It follows from equations (5.19) that singularities of exact solution (5.17) at fixed moment of time t are
arranged periodically on the plane (x, y) with positions at the points:
Φ(x, t) = x
(
1
µ0
− 1
λ0
)
+ 4t
(
1
µ30
− 1
λ30
)
= nπ, Θ(y) = y
(
1
µ20
− 1
λ20
)
= mπ, (5.20)
here n,m = 0, 1, . . .. The solution (5.17) is representative of new class of exact two-periodical solutions of
mKP-1 equation with integrable boundary condition u(x, y, t) |y=0= 0 (1.5).
11
6. Conclusions
We described new classes of exact periodical solutions of mKP-1 equation and developed general scheme
for their calculations in the framework of ∂-dressing method. We satisfied the reality condition for solutions u
exactly, imposing the requirement of reality u = u on exact complex-valued solutions in general determinant
form; by this way we obtained certain restrictions on parameters of solutions, i.e. on amplitudes Ak and
spectral points µk, λk of delta-form kernel R0 of ∂-problem.
We constructed new class of exact one-periodic nonsingular solutions, the class of nonlinear plane
monochromatic waves. These solutions can be named line-periodic, in close analogy with line-soliton solu-
tions of two-dimensional integrable nonlinear equations.
We calculated two new classes of real exact two-periodic solutions: the class of solutions without any
boundary conditions and the specialized class of solutions with integrable boundary (1.5); both types of
solutions have periodically arranged point singularities. The imposition on the field u of boundary condition
(1.5) leads to formation of certain eigenmodes of oscillations of the field u(x, y, t) on semi-plane y ≥ 0 with
fixed maxima and minima along y-axis, this field propagates harmonically with certain velocity along x-axis.
We demonstrated effectiveness of ∂-dressing method in calculations of periodical solutions of several
types for mKP-1 equation. The developed in present paper procedure for calculations via ∂-dressing of
new classes of exact real one-periodic and two-periodic solutions solutions can be effectively applied to all
other integrable (2+1)-dimensional nonlinear equations, the program of such researches now in progress and
corresponding results will be published elsewhere.
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